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07 Elliptic curves related to cyclic cubic extensions
Rintaro Kozuma
Abstract. The aim of this paper is to study certain family of elliptic curves {XH}H
defined over a number field F arising from hyperplane sections of some cubic surface
X/F associated to a cyclic cubic extension K/F . We show that each XH admits a
3-isogeny φ over F and the dual Selmer group S(
bφ)(X̂H/F ) is bounded by a kind of
unit/class groups attached to K/F . This is proven via certain rational function on the
elliptic curve XH with nice property. We also prove that the Shafarevich-Tate group
X(X̂H/Q)[φ̂] coincides with a class group of K as a special case.
1. Introduction
The principal objects we are going to investigate are defined as follows. Let K/F
be a cyclic cubic extension over a number field F with Galois group G = 〈σ〉 ≃ Z/3Z,
and let {1, α1, α2} be a F -basis of K. Define a projective variety X in the projective
space P3 associated to the extension K/F with the F -basis {1, α1, α2} of K by the
homogeneous polynomial
f(x, y, z, w) := (x+ yα1 + zα2)(x+ yα
σ
1 + zα
σ
2 )(x+ yα
σ2
1 + zα
σ2
2 )− w3(1.1)
with coefficients in F , which is a singular cubic hypersurface and rational over K. The
elliptic curves we consider are hyperplane sections {X ∩H}H of X where H/F varies
through all hyperplanes in P3 satisfying (X ∩H)(F ) 6= ∅. We shall simply denote by
XH the section X ∩ H. For such a cubic curve XH/F we can prove (in Lemma 2.3)
that {
XH/F is birationally equivalent over F to P
1 if H/F is tangent to X,
XH/F is an elliptic curve if H/F is not tangent to X,
and it also turns out (in Proposition 2.2) that there is a hyperplane H0/F on which
the point O := [1, 0, 0, 1] ∈ X(F ) lies such that the cubic curve XH is isomorphic over
F to XH0 . Therefore we may assume O ∈ H and fix O as a base point on XH without
loss of generality, namely the defining equation of H has the form a(x−w)+by+cz = 0
with [a, b, c] ∈ P2(OF ) where OF is the ring of integers of F .
Under the situation as above, our interest is the arithmetic nature of the elliptic
curves {XH}H and how that relates to the arithmetic of the cyclic cubic extension
K/F . Main results are stated as follows.
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Theorem 1.1. For any cyclic cubic extension K/F with a fixed F -basis {1, α1, α2}
of K and the Galois group Gal(K/F ) = 〈σ〉, let X ⊂ P3 be a cubic hypersurface over
F defined by the polynomial (1.1). For a hyperplane H : a(x−w) + by+ cz = 0 in P3
with coefficients [a, b, c] ∈ P2(OF ) which is not tangent to X, there is an isomorphism
ϑ : XH
∼→ W(XH) over F mapping O to [0, 1, 0] with an elliptic curve W(XH) ⊂ P2
over F given by the Weierstrass form
y2 + a δ(X)xy −NK/F
(
γ(XH)
)
y = x3(1.2)
where NK/F : K
∗ → F ∗ is the norm map and the constants δ(X) ∈ F ∗, γ(XH) ∈ K∗
are defined by determinants
δ(X) =
∣∣∣∣∣∣
1 α1 α2
1 ασ1 α
σ
2
1 ασ
2
1 α
σ2
2
∣∣∣∣∣∣ , γ(XH) =
∣∣∣∣∣∣
1 α1 α2
1 ασ1 α
σ
2
a b c
∣∣∣∣∣∣ .
Note that the isomorphism class of W(XH) is independent of the choice of the
coordinate (a, b, c) ∈ A3(OF ) and the generator σ of Gal(K/F ).
We retain the notation, and assumeH is not tangent to X. By the above theorem,
there is the F -rational 3-torsion point (0, 0) on W(XH), thus the elliptic curve XH/F
always admits a 3-isogeny φ : XH → X̂H defined over F where X̂H/F stands for the
dual elliptic curve XH/〈ϑ−1(0, 0)〉. Let φ̂ denote its dual isogeny. For any set S of
finite primes of F , we denote by O∗L,S , ClL,S the group of S-units and the S-ideal class
group of a finite extension L/F respectively (The precise definition will be given in
§5). We make the general notation:
Ω : an equivalence class represented by Ω, or an algebraic closure of Ω.
〈ε〉 : a group generated by an element ε.
Γ[ϕ] : the kernel of a homomorphism ϕ : Γ→ Γ′.
νp : the p-adic normalized valuation of a local field Lp.
(
i.e. νp(Lp) = Z
)
µ3(L) : the group of all cube roots of unity in a field L.
As for the Selmer groups S(
bφ)(X̂H/F ), S
(φ)(XH/Q), we have the following results.
Theorem 1.2 (Partial result of Theorem 5.2).
dimF3 S
(bφ)(X̂H/F ) ≤ dimF3 NUK,S′⊕µ3(F )+dimF3 NClGK,S′[3]−dimF3
NK/F (KS′) ∩O
∗
F,S′
NK/F (O
∗
K,S′)
where NUK,S′, NClK,S′[3], KS′ are subgroups of O
∗
K,S′/O
∗3
K,S′, ClK,S′[3], K
∗ respec-
tively, which are defined in §5. The set S′ is a subset of all finite primes PF of F ,
defined by
S′ :=
{
p ∈ PF
∣∣∣ p splits completely in K and 3νp(aδ(X)) < νp(NK/F (γ(XH)))
or νp
(
NK/F (γ(XH))
) 6≡ 0 (mod 3)
}
.
Furthermore if ClK,S′ is G-invariant then XH(F )/φ̂
(
X̂H(F )
) →֒ NUK,S′ ⊕ µ3(F ).
As a special case, we can state more precise result.
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Theorem 1.3. For a cyclic cubic field K/Q, let {1, α, α2} be a Q-basis of K that
X is defined by the polynomial (1.1) with. Here α ∈ K denotes a root of the generic
polynomial g(x; t) in §8 for some t ∈ Q. Let H be the hyperplane z = 0. Assume
t ∈ Z, ±NK/F (α− ασ) = t2 + 3t+ 9 /∈ Q∗33 . Then S′ = ∅ and
dimF3 S
(φ)(XH/Q) = dimF3 S
(bφ)(X̂H/Q) = 1 + dimF3 NCl
G
K [3],
1 ≤ rankZXH(Q) ≤ 1 + 2dimF3 NClGK [3].
Furthermore, we also assume that ClK is G-invariant. Then
XH(Q)/φ̂
(
X̂H(Q)
) ≃ NUK ≃ Z/3Z,
X(X̂H/Q)[φ̂] ≃ NClK [3].
Here X stands for the Shafarevich-Tate group.
The present paper is organized as follows. First, we will give basic properties of
the cubic surface X/F and the family of its hyperplane sections in §2. Using these
properties and a generic polynomial for cyclic cubic extensions (in §8), we obtain a
Weierstrass form of the cubic curve XH in §3. We will discuss, in §4, descent theory
for XH via 3-isogeny, and give some relation between Selmer groups and unit/class
groups in §5. We also refer corollaries and remarks of the above theorems to the
corresponding sections.
2. First properties of X and its hyperplane sections
Fix a cyclic cubic extension K over a number field F with Galois group G =
〈σ〉 ≃ Z/3Z, once and for all. For any F -basis {1, α1, α2} of K, let X/F be a cubic
surface in P3 defined by the polynomial (1.1). It is easy to verify that the cubic surface
X/F has three singular points on the hyperplane w = 0, and is birationally equivalent
over K to the projective plane P2.
Let L(X) be a set of all those hyperplanes {H} defined over F in P3 which satisfy
XH(F ) 6= ∅. From the definition, we observe the following.
Lemma 2.1. The family L(X) is invariant under the change of F -basis of K.
Proof. Since any basis transformation for a vector space is linear and defined over
a ground field, the lemma follows immediately. 
From now on, we choose any F -basis of K and fix it without loss of generality.
From the definition of X, the affine piece Xw 6=0 := X ∩ {w 6= 0} of the surface X has
a structure of linear algebraic groups by a natural correspondence between the group
of F -rational points Xw 6=0(F ) = X(F ) and the kernel of the norm map:
Xw 6=0(F )
∼−→ Ker [K∗ NK/F−→ F ∗]
[x, y, z, 1] 7−→ x+ yα1 + zα2.
The rational function x+ yα1 + zα2 on Xw 6=0 also induces an isomorphism
Xw 6=0(OF )
∼−→ Ker [O∗K
NK/F−→ O∗F ]
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if the set {1, α1, α2} forms an OF -basis of OK . For instance this holds for the case
that the class number of the ground field F is equal to 1. Particularly in the case
F = Q, we have X(Z) ≃ O∗K/{±1} for an integral basis of K. Thus, in this case,
we can regard the group of units O∗K as the group of Z-valued points on the variety
X. This identification is one of the reason why we adopt the algebraic variety X in
view of the analogy between Mordell-Weil groups of elliptic curves and groups of units.
Accordingly it might be of some interest to deduce the arithmetic of the elliptic curves
{XH}H from the cyclic cubic extension K/F , and that is exactly what we propose to
carry out in the present paper. Note that the above isomorphism can be naturally
generalized to the group X(OF,S) where OF,S is a ring of S-integers of F . We will see
a considerable aspect of the function x+ yα1 + zα2 in §6, which is the most essential
part of the paper to obtain an arithmetic relation between the section XH/F and the
ambient variety X/F reflecting the cyclic cubic extension K/F .
For any point P ∈ Xw 6=0(F ), the left translation Xw 6=0(F ) → Xw 6=0(F ) ; Q 7→
P · Q causes the faithful regular representation ρ of degree 3 and the canonical en-
largement ρ˜
ρ˜ : Xw 6=0(F )
ρ−→ GL3(F ) −→ PGL4(F )
ρ(P ) 7−→
(
ρ(P ) 0
0 1
)
.
The representation ρ˜ induces a linear action of the group Xw 6=0(F ) on the set X(F )
Xw 6=0(F )× X(F ) −→ X(F )
(P, [x, y, z, w]) 7−→ [x, y, z, w] · ρ˜(P ).
Note that X(F ) is only a set, not a group. Thus each element in Xw 6=0(F ) gives an
isomorphism on X, and hence we obtain an action of Xw 6=0(F ) on the family L(X)
defined by P ·XH := Xρ˜(P )(H). This action makes matter somewhat simple as follows.
Proposition 2.2. For arbitrary hyperplane H ∈ L(X), there is a hyperplane H0 ∈
L(X) on which the point O lies so as to be XH ≃ XH0 over F .
Proof. This is almost clear. For any H ∈ L(X) with a F -rational point P ∈
XH(F ) ⊂ Xw 6=0(F ), the hyperplane H0 := ρ˜(P−1)(H) satisfies the property of the
statement. 
By Proposition 2.2, the study of the cubic curves {XH}H where H/F varies
through L(X) is reduced to the family of curves XH which possess the point O ∈ H.
We shall denote by L(O) the set of all hyperplanes in P3 defined over F on which the
point O lies. The following lemma gives a criterion for XH being an elliptic curve.
Lemma 2.3. The following conditions are equivalent for any H/F ∈ L(X).
⋄ The cubic curve XH/F is singular.
⋄ The hyperplane H/F is tangent to the surface X/F .
Under these conditions, the cubic curve XH/F is birational over F to the projective
line.
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Proof. Since a linear transformation sends a tangent plane to a tangent plane, it
suffices to prove the lemma for any hyperplane H ∈ L(O). We first show that the
points on XH ∩ {w = 0} are non-singular. Let ι(x, y, z, w) be the rational function
x+ yα1 + zα2 ∈ K[XH ]. The defining equation of XH is written by
fH(x, y, z, w) := ι(x, y, z, w) ι
σ(x, y, z, w) ισ
2
(x, y, z, w)−w3 mod a(x−w)+by+cz.
It is easily verified that the unique zero of the function ι on XH is
O′ := [cα1 − bα2, aα2 − c, −aα1 + b, 0](2.1)
and hence the set XH ∩ {w = 0} consists of three points
{O′, O′σ, O′σ2}. Thus we
have
∂fH
∂x
(O′) =
(
1 +
∂y
∂x
(O′)α1 + ∂z
∂x
(O′)α2
)
ισ(O′)ισ2(O′).
Here the partial derivatives are given by
∂y
∂x
(O′) =
{
−ab if b 6= 0
0 if b = 0,
∂z
∂x
(O′) =
{
−ac if c 6= 0
0 if c = 0.
Using this yields the non-singularity of the point O′ on XH . Acting the Galois group
Gal(K/F ) = 〈σ〉 yields non-singularity of the points O′σ and O′σ2 at once.
Now we consider the affine piece XH ∩ {w 6= 0}. Since the Jacobian matrix for
XH at a point P may be written by
JP =
(∂f
∂x (P )
∂f
∂y (P )
∂f
∂z (P )
a b c
)
,
the point P ∈ XH is singular if and only if there is some constant λ ∈ F (P )∗ satisfying
(a, b, c) = λ
(
∂f
∂x
(P ),
∂f
∂y
(P ),
∂f
∂x
(P )
)
.
This implies the first equivalence. 
Recall we have fixed the point O as a base point of the cubic curve XH . In the
proof of Lemma 2.3, we observe
XH ∩ {w = 0} =
{O′, O′σ, O′σ2} where O′ is the point (2.1).
We end this section with the following fact.
Lemma 2.4. Assume H ∈ L(O) is not tangent to X. Then 3O′ ∈ XH(F ). More-
over O′σ −O′ = −(O′σ2 −O′) ∈ XH(F )[3] \ {O}.
Proof. This follows from direct calculation by the “chord and tangent processes”.
It can be verified that the tangent line at O′ meets XH again at O′, namely the
intersection is an inflection point. This implies the first statement of the lemma. As
for the latter, the points O′, O′σ, O′σ2 are collinear and the tangent line at O meets
XH again at 3O′ by the former proof. It thus turns out that O′ +O′σ +Oσ2 = 3O′,
which yields the required result. 
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3. Weierstrass form of the cubic curve XH over F
Proposition 2.2 in the previous section allows us to calculate a Weierstrass form
of the cubic curve XH systematically. As the F -rational point O on XH is given
explicitly, the defining equation of XH/F can be transformed into Weierstrass form.
For instance, see Cassels’s book [5] as for this method. The proof of Theorem 1.1 sits
in the end of this section. The corollaries below are immediate consequences read off
from the Weierstrass form (1.2).
Corollary 3.1 (of Theorem 1.1). The discriminant of the Weierstrass form (1.2)
is
∆(XH) = −NK/F
(
γ(XH)
)3 (
a3δ(X)3 + 33NK/F (γ(XH))
)
.
Assume H ∈ L(O) is not tangent to X. Then the j-invariant is
j(XH) = −
a3δ(X)3
(
a3δ(X)3 + 24NK/F (γ(XH))
)3
NK/F
(
γ(XH)
)3 (
a3δ(X)3 + 33NK/F (γ(XH))
) .
Especially the family {XH/F}H∈L(O) contains infinitely many isomorphism class of
elliptic curves.
Proof. A direct calculation. For example, see [11]. 
Corollary 3.2 (of Theorem 1.1). Assume H ∈ L(O) is not tangent to X. Then
(0, 0) = −(0, NK/F (γ(XH))) ∈ W(XH)(F )[3] \ {[0, 1, 0]}.
Proof. Since these points are inflection points, the statement follows. 
Remark 3.3. By Corollary 3.2, there is a dual elliptic curve X̂H defined over F
which is isomorphic to W(XH)/〈(0, 0)〉 given by the Weierstrass form (For example,
see [9])
y2+a δ(X)xy+32NK/F
(
γ(XH)
)
y = x3+NK/F
(
γ(XH)
) (
a3δ(X)3 − 33NK/F (γ(XH))
)
.
Remark 3.4. The family {XH/F}H∈L(O) is independent of the choice of F -basis
of K, but each curve XH/F depends on.
Remark 3.5. For arbitrary (a, b, c) ∈ A3(F ), define γ(a, b, c) to be the discrim-
inant of the same matrix as γ(XH) in Theorem 1.1. Then, as a matter of fact, the
quantity NK/F
(
γ(a, b, c)
)
is Xw 6=0(F )-invariant, namely NK/F
(
γ((a, b, c)ρ(P ))
)
=
NK/F
(
γ(a, b, c)
)
for arbitrary P ∈ Xw 6=0(F ). Especially we have NK/F
(
γ(XH)
)
=
NK/F
(
γ(Xρ˜(P )(H))
)
for any P ∈ Xw 6=0(F ) by taking suitable coefficients of hyperplanes
as follows. Let [a, b, c] ∈ P2(OF ) be coefficients of any hyperplane H/F ∈ L(O).
Take (a′, b′, c′) := (a, b, c)ρ(P ) for arbitrary P ∈ Xw 6=0(F ). Then the hyperplane
H ′ := ρ˜(P )(H) has the defining equation a′(x− x0w) + b′(y − y0w) + c′(z − z0w) = 0
where (x0, y0, z0) := (1, 0, 0)
tρ(P )−1. Further if P lies on XH(F ) then one can ob-
serve that a = a′. This fact implies that for any P ∈ XH(F ) the section XH′ by
the hyperplane H ′ := ρ˜(P−1)(H) ∈ L(O) has the Weierstrass form (1.2). In connec-
tion with Proposition 2.2, it thus turns out that the Weierstrass form (1.2) of XH is
invariant for the choice of a point on XH(F ).
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From now on we shall show necessary lemmas for the proof of Theorem 1.1.
First, we choose a generic polynomial for C3 ≃ Z/3Z-extension over F ,(
g(x) =
)
g(x; t) = x3 + t x2 − (t+ 3)x+ 1 (t ∈ F, δ(g) = t2 + 3t+ 9).
We recall basic properties of this polynomial in §8 briefly. By the property, for any
cyclic cubic extension K/F , there is a constant t ∈ F such that the roots of g(x; t)
generates K over F . Fix t ∈ F for K/F and α ∈ K as one of the roots. Let X0/F
be a cubic hypersurface in P3 associated to K/F with the F -basis {1, α, 11−α} of K
defined by the same polynomial as (1.1).
For this X0/F and any hyperplane H ∈ L(O), we prove as follows that the
curve X0H is birational over F to either the cubic curve W(X0H) defined by the same
Weierstrass form as (1.2) or P1 by dividing it into 3-cases according to embeddings of
X
0
H into P
2 as plane cubic curves.
Lemma 3.6. Let H : a(x−w) + by+ cz = 0 be a hyperplane in P3 defined over F .
Assume at+ 3c 6= 0. Then there is a birational map given by
θ : X0H
∼−→ W(X0H);
[x, y, z, w] 7−→ [θX , θY , θZ ],
[θ
(−1)
X , θ
(−1)
Y , θ
(−1)
Z , θ
(−1)
W ] 7 −→ [x, y, z],
θX = u0 u
2
1
(
y−3 c0 w
h0(x,y,z,w)w
+ 3A
2δ(g)+c7
c1
)
w,
θY = u0 u
3
1
(
2
3 g3
[ y−3 c0 w
h0(x,y,z,w)w
]
h0(x, y, z, w) + g2
[ y−3 c0w
h0(x,y,z,w)w
])
w − a δ(g)θX−NK/F (γ(X0H ))w2 ,
θZ = w,
θ
(−1)
X =
(
1 + t(−A−B h1(x, z) + h1(x, z))
)
h2(x, y, z)z +
(
1 + t c0(1−B)
)
z,
θ
(−1)
Y = 3
(
h1(x, z)h2(x, y, z) + c0
)
z,
θ
(−1)
Z = 3
(−(A+B h1(x, z))h2(x, y, z)−B c0)z,
θ
(−1)
W = z.
Here the functions h0(x, y, z, w), h1(x, z), h2(x, y, z) ∈ F (x, y, z, w) are
h0(x, y, z, w) = 3
( x
w
− 1) − t y
w
− t z
w
, h1(x, z) =
x
u0 u21 z
− 3A
2δ(g) + c7
c1
,
h2(x, y, z) =
(
y + 2−1(a δ(g)x −NK/F (γ(X0H ))z)
) − g2[h1(x, z)]u0 u31z
2 g3[h1(x, z)]u0 u
3
1z
,
and the functions g2[X], g3[X] are elements in the ring of polynomials F [X] defined
by
g3[X] = c1δ(g)X
3 + 3 c2 δ(g)X
2 + 3Ac3 δ(g)X + c4,
g2[X] = 6(B
2 +B + 1)δ(g)X2 + 3
c5
c1
δ(g)X + 3A
c6
c1
δ(g) + 3,
where (A, B) = ( aat+3c ,
at+3b
at+3c ) and the other constants are as follows.
c0 =
3(B2 +B + 1)
c1
, u0 = −12δ(g)c1, u1 = at+ 3c
18
,
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c1 = (B + 2)
3g
(−B + 1
B + 2
)
,
c2 = A
(
B2(2 t+ 3) + 2B(t+ 6)− t+ 3)− (B2 +B + 1),
c3 = A
(
B(2 t+ 3) + t+ 6
)− 2B − 1,
c4 = (3A)
3g
(
1−At
3A
)
,
c5 = A
`
4B4(2 t+ 3) +B3(16 t+ 51) + 3B2(7 t+ 24) +B(13 t+ 87)− 4 t+ 21
´
− 6(B2 +B + 1)2,
c6 = A
(
2B3(2 t+ 3) + 3B2(2 t+ 3) + 6B(2 t+ 3) + 5 t+ 21
) − 3 ((B + 1)3 +B3) ,
c7 = A
(
B2(2 t+ 3) + 2B(t+ 6)− t+ 3)− 2(B2 +B + 1).
Proof. On account of technical reason, we first make the substitution
[x, y, z, w]
i7−→ [x, y, z, w] ·

3 0 0 0
−t 1 0 0
−t 0 1 0
0 0 0 3

which maps the point O to O. The substitution i maps the hyperplane H : a(x −
w) + by + cz = 0 to the hyperplane i(H) : a(x−w) + (at+ 3b)y + (at+ 3c)z = 0. We
denote the polynomial f ◦ i−1 defining i(X0) by if where f denotes the polynomial
defining X0. From the assumption at+3c 6= 0, we have the cubic form ifH(x, y, w) :=
if(x, y, −A(x − w) − By, w) which defines the plane cubic curve i(X0H) = i(X0) ∩
i(H) →֒ P2 isomorphic to X0H . We may regard a point [x, y, w] on P2 as an affine
point (x/w, y/w) ∈ A2 if w 6= 0. Then O may be identified with (1, 0).
The tangent at (1, 0) ∈ i(X0H) meets i(X0H) again at a F -rational point P , say.
It is easily calculated that P = (1, c0) ∈ i(X0H). Let gH(x, y) := ifH(x+ 1, y + c0, 1).
Using the method in Cassels’s book [5], there is a birational map Θ over F from the
cubic curve i(X0H) to a curve C whose defining equation of the affine piece {w 6= 0} is
given by
y2 = g2[x]
2 − 4 g1[x] g3[x]
where gd[x] denotes the homogeneous part of degree d of the polynomial gH(1, x).
The map Θ is given by
Θ : i(X0H)
∼7−→ C
(x, y) 7−→
(
y − c0
x− 1 , 2 g3
[
y − c0
x− 1
]
(x− 1) + g2
[
y − c0
x− 1
])
,(
y − g2[x]
2 g3[x]
+ 1,
y − g2[x]
2 g3[x]
x+ c0
)
7 −→ (x, y).
Having done it, by the substitution
(x, y)
l7−→ (lx, ly) :=
 
u0 u
2
1
„
x+
3A2δ(g) + c7
c1
«
, u0 u
3
1 y −
a δ(g)lx − NK/F
`
γ(X0H)
´
2
!
,
we achieve the Weierstrass form defining W(X0H). Thus the composed map θ :=
l ◦ Θ ◦ i; X0H
∼→ W(X0H) is the desired one. Since the all is standard manner, the
precise proof is omitted. 
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Lemma 3.7. Let H : a(x−w) + by+ cz = 0 be a hyperplane in P3 defined over F .
Assume at+ 3c = 0 and at+ 3b 6= 0. Then there is a birational map given by
θ : X0H
∼−→ W(X0H);
[x, y, z, w] 7−→ [θX , θY , θZ ],
[θ
(−1)
X , θ
(−1)
Y , θ
(−1)
Z , θ
(−1)
W ] 7 −→ [x, y, z],
θX = u0 u
2
1
(
z−3 c0 w
h0(x,y,z,w)w
+ 3A
2δ(g)+c7
c1
)
w,
θY = u0 u
3
1
(
2
3 g3
[
z−3 c0 w
h0(x,y,z,w)w
]
h0(x, y, z, w) + g2
[
z−3 c0 w
h0(x,y,z,w)w
])
w − a δ(g)θX−NK/F (γ(X0H ))w2 ,
θZ = w, 
θ
(−1)
X =
(
1 + t(−A+ h1(x, z))
)
h2(x, y, z)z + (1 + t c0)z,
θ
(−1)
Y = −3Ah2(x, y, z)z,
θ
(−1)
Z = 3
(
h1(x, z)h2(x, y, z) + c0
)
z,
θ
(−1)
W = z.
Here the functions h0(x, y, z, w), h1(x, z), h2(x, y, z) ∈ F (x, y, z, w) and g3[X] ∈
F [X] have the same notation as in Lemma 3.6, but g2[X] = 6 δ(g)X
2 + 3 c5c1 δ(g)X +
3A c6c1 δ(g) + 3 and the constants are redefined as follows.
A =
a
at+ 3b
, c0 =
3
c1
, u0 = −12δ(g)c1, u1 = at+ 3b
18
,
c1 = −2 t− 3, c2 = −A(t+ 6)− 1, c3 = A(t− 3)− 1, c4 = (3A)3g
(
1−At
3A
)
,
c5 = −A(4 t+ 33)− 6, c6 = A(5 t− 6)− 3, c7 = −A(t+ 6)− 2.
Proof. This is almost similar to the previous lemma. The substitution i defined
in the previous lemma maps the hyperplane H : a(x − w) + by + cz = 0 to the
hyperplane i(H) : a(x − w) + (at + 3b)y + (at + 3c)z = 0. From the assumption
at+3c = 0, at+3b 6= 0, we have the cubic form ifH(x, z, w) := if(x, −A(x−w), z, w)
defining i(X0H) →֒ P2. Applying the same method yields the birational map
Θ : i(X0H)
∼7−→ C
(x, z) 7−→
(
z − c0
x− 1 , 2 g3
[
z − c0
x− 1
]
(x− 1) + g2
[
z − c0
x− 1
])
,(
y − g2[x]
2 g3[x]
+ 1,
y − g2[x]
2 g3[x]
x+ c0
)
7 −→ (x, y).
where the curve C is defined by the equation
y2 = g2[x]
2 − 4 g1[x] g3[x].
Here gd[x] denotes the homogeneous part of degree d of the polynomial gH(1, x) where
gH(x, z) :=
ifH(x+1, z+ c0, 1). In order to obtain the required Weierstrass form, we
make the substitution
(x, y)
l7−→ (lx, ly) :=
 
u0 u
2
1
„
x+
3A2δ(g) + c7
c1
«
, u0 u
3
1 y −
a δ(g)lx − NK/F
`
γ(X0H)
´
2
!
.
This yields the desired birational map θ := l ◦Θ ◦ i; X0H
∼→W(X0H). 
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Remark 3.8. As for the precise proof of the above lemmas, it might be required
to use the explicit calculation
NK/F
(
γ(X0H)
)
=
δ(g)
33
“
−(at+ 3c)3g(−B)− a3δ(g)2 + a
`
(at+ 3c)2 + (at+ 3c)(at+ 3b) + (at+ 3b)2
´
δ(g)
”
= δ(g)
“
−c
3g
`−b
c
´
− a
3(2t+ 3) + a2t(bt+ 3b + 3c) + a
`
b
2(2t+ 3) − bc(t2 + t− 3)− c2(t− 3)
´”
.
Lemma 3.9. Let H : a(x−w) + by+ cz = 0 be a hyperplane in P3 defined over F .
Assume at+3c = at+3b = 0. Then the hyperplane H is tangent to X0 at O (i.e. X0H
is singular from Lemma 2.3), and there is a birational map given by
θ : X0H
∼−→ P1;
[x, y, z, w] 7−→ [y, z],[
− 3t(x
3 + y3)
(x+ y)3g
(2y−x
x+y
) + 1, −9x(x2 − xy + y2)
(x+ y)3g
(2y−x
x+y
) , −9y(x2 − xy + y2)
(x+ y)3g
(2y−x
x+y
) , 1] 7 −→ [x, y].
Proof. Since a 6= 0 by assumption, the defining equation of H is also written as
3(x−w)−ty−tz = 0. But we have [∂f∂x (O), ∂f∂y (O), ∂f∂z (O), ∂f∂w (O)] = [3, −t, −t, −3],
which implies that H is tangent to X0 at O. It is directly verified the birationality of
the map. Note that the equality (y + z)3g
(2z−y
y+z
)
= −9(y2 − yz + z2) holds for any
[x, y, z, w] ∈ X0H . 
Remark 3.10. As for the above, the unique singular point on the cubic curve X0H
is O.
Remark 3.11. From Corollary 3.1, the cubic curve W(X0H)/F is singular if and
only if ∆(X0H) = 0 which is equivalent to A =
g(−B)
(B2+B+1)δ(g)
in the case at + 3c 6= 0.
Thus the equation defining H is described as
g(−B)
(B2 +B + 1)δ(g)
(
3(x− w)− ty − tz)+By + z = 0.
By direct calculation, one can find that the hyperplane H coincides with the tangent
plane to X0 at the point
t
0
@
`
−B
6(t+ 2)− 3B5(t+ 3) − 6B4(t+ 4) +B3(t2 + t− 23) + 3B2(t− 3)− 3B − 2
´
g(−B)−2
(B2 +B + 1)
`
−B
4
− 2B3 − 6B2 + 2B(t− 1) + t+ 2
´
g(−B)−2
(B2 +B + 1)
`
B
4(t+ 1) + 2B3(t+ 4) + 6B2 + 2B + 1
´
g(−B)−2
1
A.
Therefore this is the only singular point on X0H . In the case at+ 3c = 0, at+ 3b 6= 0,
since ∆(X0H) = 0 is equivalent to A = − 1δ(g) , the hyperplane is
− 1
δ(g)
(x− w) + y = 0.
This is the tangent plane to X0 at the point (−t− 2, −1, t+ 1), which is singular on
X
0
H . These also assure Lemma 2.3 once again.
Lemma 3.12. Assume H ∈ L(O) is not tangent to X0. Then θ(O) = [0, 1, 0]
where θ : X0H → W(X0H) is the map in Lemma 3.6 or 3.7. Especially θ is a group
isomorphism.
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Proof. It suffices to prove the lemma for the map Θ defined in the proof of Lemma 3.6
or 3.7 since θ = l◦Θ◦ i and i(O) = O, l([0, 1, 0]) = [0, 1, 0]. First assume at+3c 6= 0.
Under the assumption, the ring F [i(X0H)]O of regular functions on i(X
0
H) at O is a dis-
crete valuation ring. Since the x-coordinate of the map Θ is the function y−c0x−1 which
has a pole at O, multiplying an appropriate power of a uniformizer for F [i(X0H)]O
to the projective coordinate of Θ yields Θ(O) = [0, 1, 0]. In the case at + 3c = 0
and at + 3b 6= 0, the x-coordinate of the map Θ is the function z−c0x−1 . We also have
Θ(O) = [0, 1, 0] similarly. The statement is now proven. 
Proof of Theorem 1.1. Fix arbitrary cyclic cubic extension K/F . Let X be a cu-
bic hypersurface associated to K/F with a F -basis {1, α1, α2} of K defined by the
polynomial (1.1) and X0 as above. Then the transformation matrix M ∈ GL3(F )
with (1, α, ασ)M = (1, α1, α2) defines a regular transformation M˜ on P
3 given by
[x, y, z, w] 7→ [x, y, z, w] ( tM 00 1 ), whose restriction induces an isomorphism XH ∼→
X
0
H′ where H
′ = M˜(H) has the form a′(x − w) + b′y + c′z = 0 with (a′, b′, c′)M =
(a, b, c). We thus obtain δ(X0) |M | = δ(X), γ(X0H′) |M | = γ(XH) and a′ = a. From
this and Lemma 3.6, 3.7, the composed map
ϑ : XH
fM−→ X0H′ θ−→W(X0H′) m−→W(XH)(3.1)
is the required one. Here m denotes the map (x, y) 7→ (|M |2x, |M |3y). It follows
from Lemma 3.12 that ϑ(O) = [0, 1, 0]. 
Proposition 3.13. ϑ(O′σ −O′) = ±(0, 0).
Proof. From (3.1), it suffices to prove the statement for the map θ : X0H →W(X0H)
since M˜(cα1− bα2, aα2− c, −aα1+ b, 0) = [c′α− b′ 11−α , a′ 11−α − c′, −a′α+ b′, 0]. Let
VF :=
{
α ∈ F \ F | g(α; t) = 0 for some t ∈ F}, and for any α ∈ VF let Sα ⊂ A3 be a
hypersurface in variables a, b, c defined by the equation (cf. Remark 3.11)(
−NK/F
(
γ(X0H)
)−3
∆(X0H) =
)
a3δ(X0)3 + 33NK/F
(
γ(X0H)
)
= 0
where X0 is associated to F (α)/F with the F -basis {1, α, 11−α} of F (α) and H is a
hyperplane a(x−w)+by+cz = 0. Let O′′ := [c 11−α−b(1− 1α), a(1− 1α )−c, −a 11−α+b, 0]
on X0H and P := O′′ − O′. Note that O′′ = O′σ or O′σ
2
since ασ = 11−α or 1 − 1α
from §8. Thus P ∈ X0H(F ) \ {O} by Lemma 2.4. For the map θ = [θX , θY , θZ ] as in
Lemma 3.6 or 3.7, we can regard (θx, θy) :=
(
θX
θZ
(P ), θYθZ (P )
)
as functions in variables
a, b, c, α, namely θx, θy ∈ Q(x1, x2, x3, x4). This makes the rational map
ϕ : A4 −→ A2
(a, b, c, α) 7−→ (θx(a, b, c, α), θy(a, b, c, α)).
For any α0 ∈ VQ, let ϕ|α0 : A3 → A2 be the restriction map to α = α0. Then the
Weil pairing tells us ϕ|α0(a, b, c) = ±(0, 0) on A3(Q) \ Sα0(Q) by using Lemma 2.4,
Corollary 3.2 and ζ3 /∈ Q. Thus the rational functions θx|α0 , θy|α0 are constant for
infinitely many values a, b, c respectively, and hence θx|α0 , θy|α0 must be constants in
Q(x1, x2, x3). It turns out that the map ϕ depends only on the variable x4. However
ϕ also takes ±(0, 0) for infinitely many α ∈ VQ, which implies that ϕ is a constant
map taking the image either (0, 0) or −(0, 0). Especially, for any number field F , the
evaluation of ϕ for α ∈ VF and (a, b, c) ∈ A3(F )\Sα(F ) yields the required result. 
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4. Descent theory for XH via 3-isogeny
We shall now discuss descent theory for the elliptic curve XH over F . Fix O as a
base point of XH . Then the set of F -rational points XH(F ), often called Mordell-Weil
group, is a finitely generated abelian group with group unit O, whose structure does
not depend on the choice of a base point. It is one of the main interest to know the
rank of XH(F ). If one could calculate the quotient group XH(F )/mXH(F ) for some
integer m > 1, one could find the rank of XH(F ). Descent theory gives an upper
bound for the size of the quotient group XH(F )/mXH(F ), which often gives the exact
size. At the beginning, we make notation used in the present paper and recall some
basic objects on descent theory in the case m = 3, which we call 3-descent.
From Proposition 3.13, we may assume ϑ(O′σ − O′) = (0, 0) without loss of
generality by the proper substitution either ϑ↔ [−1] ◦ ϑ or σ ↔ σ2.
Let φ : XH → X̂H be a 3-isogeny defined over F with the dual elliptic curve
X̂H := XH/〈T 〉 where T := O′σ − O′, and let φ̂ : X̂H → XH be its dual isogeny
which is also defined over F . For the short exact sequence 0 → XH [φ] → XH(F ) φ→
X̂H(F )→ 0 as GF -modules where GF denotes an absolute Galois group of F , taking
Galois cohomology yields the exact sequence
0 −→ X̂H(F )/φ
(
XH(F )
) −→ H1(F, XH [φ]) −→ H1(F, XH)[φ] −→ 0.
Considering the above locally again, we also have a similar localized exact sequence.
For the completion Fp at each prime p of F , since an embedding F →֒ Fp, which may
be fixed once and for all, induces restriction maps of Galois cohomology, we obtain
the following commutative diagram.
0 −−−−→ X̂H(F )/φ
(
XH(F )
) δ−−−−→ H1(F, XH [φ]) −−−−→ H1(F, XH)[φ] −−−−→ 0yresp yresp yresp
0 −−−−→ X̂H(Fp)/φ
(
XH(Fp)
) δp−−−−→ H1(Fp, XH [φ]) −−−−→ H1(Fp, XH)[φ] −−−−→ 0
where δ, δp stand for connecting homomorphisms of Galois cohomology. The φ-Selmer
group of the elliptic curve XH is a finite subgroup of H
1(F, XH [φ]) defined by
S(φ)(XH/F ) =
{
ξ ∈ H1(F, XH [φ])
∣∣∣ resp(ξ) ∈ Im δp for any finite/infinite prime p of F}.
It is clear by the above diagram that the group S(φ)(XH/F ) contains X̂H(F )/φ
(
XH(F )
)
as subgroup. The gap between these groups is represented by the φ-kernel of the
Shafarevich-Tate group, which sits in the exact sequence
0 −→ X̂H(F )/φ
(
XH(F )
) −→ S(φ)(XH/F ) −→X(XH/F )[φ] −→ 0.
Oppositely, one can define the φ̂-Selmer group S(
bφ)(X̂H/F ) and the φ̂-kernel of the
Shafarevich-Tate group X(X̂H/F )[φ̂] on interchanging the role of the isogenies φ, φ̂.
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A relation between the finite groups X̂H(F )/φ
(
XH(F )
)
and XH(F )/φ̂
(
X̂H(F )
)
is described by the exact sequence
0 −→ X̂H(F )[φ̂]
φ
(
XH(F )[3]
) −→ X̂H(F )
φ
(
XH(F )
) bφ−→ XH(F )
3XH(F )
−→ XH(F )
φ̂
(
X̂H(F )
) −→ 0.
It is easily seen that
dXH(F )[bφ]
φ(XH (F )[3])
≃ Z/3Z if and only if ζ3 ∈ F and XH(F )[3] =
XH(F )[φ] ≃ Z/3Z. From this we have the formula
rankZXH(F ) = dimF3
XH(F )
φ̂
(
X̂H(F )
) + dimF3 X̂H(F )φ(XH(F )) − dimF3 µ3(F )− 1.(4.1)
Thus the Selmer groups give an upper bound for the rank of the Mordell-Weil group.
From now on, to estimate the size of the rank, we consider the Selmer groups.
4.1.On the Selmer group S(φ)(XH/F ) Since XH [φ] ⊂ XH(F ), one sees that
H1(F, XH [φ]) ≃ H1(F, C3) = Hom
(
GF , C3
)
.
Here the Galois action on the cyclic group C3 ≃ Z/3Z is regarded as trivial one.
Define the set of all cyclic cubic extensions over F together with F by
Gal(C3/F ) :=
{
L/F : Galois extension
∣∣∣ Gal(L/F ) →֒ C3}/{isomorphisms}.
Then there is the surjection Hom(GF , C3)→ Gal(C3/F ) ; ξ 7→ FKer ξ. We thus obtain
the composed map
δF : X̂H(F )/φ
(
XH(F )
) δ−→ H1(F, XH [φ]) ≃ Hom(GF , C3) −→ Gal(C3/F ).
Considering locally again, we have the commutative diagram
X̂H(F )/φ
(
XH(F )
) δF−−−−→ Gal(C3/F )yresp yresp
X̂H(Fp)/φ
(
XH(Fp)
) δFp−−−−→ Gal(C3/Fp).
The following gives a slightly different description for the φ-Selmer group.
Proposition 4.1. The map δF• is explicitly written as
δF• : X̂H(F•)/φ
(
XH(F•)
) −→ Gal(C3/F•)
P 7−→ F•
(
φ−1(P )
)
.
Here • stands for p or null space. Moreover it holds that
♯S(φ)(XH/F ) = 2 · ♯
{
L ∈ Gal(C3/F )
∣∣∣ L/F is unramified outside S0L·Fp ∈ Im δFp for any p ∈ S0
}
− 1
where S0 denotes the set of finite primes of F at which XH has bad reduction or
dividing 3.
Proof. By tracing the definitions and consequences of descent theory. For details,
see [9], §2. 
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Remark 4.2. Since XH(F )[φ] = 〈O′σ − O′〉 by the definition, the point P =
φ(O′) ∈ X̂H is F -rational. For any cyclic cubic extension K/F and any hyperplane
H ∈ L(O) not tangent to X, taking such P ∈ X̂H(F ) yields δF (P ) = F (O′) = K.
Thus all cyclic cubic extensions over F are subject to F -rational points on the elliptic
curves
{
X̂H/F
}
. Furthermore it is also observed that the elliptic curve XH/F has
bad reduction at each prime p ∤ 3 which ramifies in K.
4.2.On the Selmer group S(
bφ)(X̂H/F ) As for the dual side, the Weil pairing ebφ
for the isogeny φ̂ constructs the commutative diagram
XH(F )/φ̂
(
X̂H(F )
) bδ−−−−→ H1(F, X̂H [φ̂]) ebφ( · , T )−−−−−→ H1(F, µ3) ≃ F ∗/F ∗3y y y
XH(K)/φ̂
(
X̂H(K)
) bδ−−−−→ H1(K, X̂H [φ̂]) ebφ( · , T )−−−−−→ H1(K, µ3) ≃ K∗/K∗3.
We denote by δ̂F , δ̂
K
F the homomorphisms from the group XH(F )/φ̂
(
X̂H(F )
)
to F ∗/F ∗3,
K∗/K∗3 respectively. For each finite prime p of F , it may be defined similarly the
maps δ̂Fp : XH(Fp)/φ̂
(
X̂H(Fp)
)→ F ∗p/F ∗3p and δ̂KPFp : XH(Fp)/φ̂(X̂H(Fp))→ K∗P/K∗3P
where P is a prime of K above p. There is no need to consider infinite primes since
H1(F∞, X̂H [φ̂]) vanishes. Thus the φ̂-Selmer group can be rewritten as
S(
bφ)(X̂H/F ) =
{
d ∈ F ∗/F ∗3
∣∣∣ d ∈ Im δ̂Fp for any finite prime p of F} .
Let Kp denote the e´tale algebra Fp[x]/
(
g(x; t)
)
, where g is the generic polynomial
in §8, which is isomorphic to the direct sum of the completions KP of K at the
primes P lying above p, namely Kp ≃
∏
P|pKP ≃ K ⊗F Fp, and let K∗p denote
the multiplicative group
∏
P|pK
∗
P. We frequently use the identification K∗p/K∗3p ≃∏
P|pK
∗
P/K
∗3
P . The natural inclusion F ⊂ Fp induces an embedding K →֒ Kp by
the identification K = F [x]/
(
g(x; t)
)
. We define a map δ̂
Kp
Fp
: XH(Fp)/φ̂
(
X̂H(Fp)
) →
K∗p/K∗3p by P 7→
∏
P|p δ̂
KP
Fp
(P ) which commutes the diagram
δ̂KF : XH(F )/φ̂
(
X̂H(F )
) bδF−−−−→ F ∗/F ∗3 −−−−→ K∗/K∗3y y y
δ̂
Kp
Fp
: XH(Fp)/φ̂
(
X̂H(Fp)
) bδFp−−−−→ F ∗p/F ∗3p −−−−→ K∗p/K∗3p .
As for the maps δ̂KF , δ̂
Kp
Fp
, we will give a certain description in Proposition 6.3 which
is essential in §5. Note that the homomorphisms δ̂F , δ̂Fp are injective from the non-
degeneracy of the Weil pairing ebφ but δ̂
K
F , δ̂
Kp
Fp
are not necessarily, because the natural
maps F ∗/F ∗3 → K∗/K∗3 and F ∗p/F ∗3p → K∗P/K∗3P are not injective in general. See
also Lemma 7.1.
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The following lemma is proven via local consideration by applying the Hasse
principle for norm varieties, which was originally proven in [7].
Lemma 4.3. S(
bφ)(X̂H/F ) ⊂ NK/F (K∗)/F ∗3.
Proof. For arbitrary d ∈ S(bφ)(X̂H/F ), it suffices to show d ∈ NKP/Fp (K∗P) for every
prime of F by Hasse norm theorem. This is immediate for infinite primes or finite
primes which split completely in K. We thus assume a finite prime p does not split
completely in K. Then Gal(KP/Fp) ≃ Gal(K/F ). Since d represents an element in
S(
bφ)(X̂H/F ), there is a point [x, y, z, 1] ∈ XH(Fp) and some element β ∈ K∗P such
that d =
x+yασ
1
+zασ
2
x+yα1+zα2
β3 from Proposition 6.3. Note here that XH(Fp) ∩ {w = 0} = ∅
if and only if Fp 6= KP. From Lemma 7.2 we have NKP/Fp (β) = d. Gathering all the
pieces, we can conclude d ∈ NK/F (K∗). 
Remark 4.4. From the above we have Im δ̂F ⊂ NK/F (K∗)/F ∗3.
4.3.Combining the Selmer groups S(φ)(XH/F ) and S
(bφ)(X̂H/F ) Given an
isogeny and its dual isogeny, it is known Cassels’s duality formula in [3] which connects
order of a Selmer group with that of its dual Selmer group. Applying the result in
[9] yields the following connection formula. However, for simplicity, we consider only
the case a = 0 which we will use later, namely the hyperplane H : by + cz = 0 with
coefficients [b, c] ∈ P1(OF ).
Proposition 4.5. Assume F has class number 1 in which 3 splits completely. Let
vp := νp
(
NK/F (γ(XH))
) ∈ Z for p ∈ PF where PF stands for the set of all finite
primes of F . For a hyperplane H : by+ cz = 0 which is not tangent to X, it holds that
dimF3 S
(φ)(XH/F ) = dimF3 S
(bφ)(X̂H/F ) + d+ − d− + d∞ − r
where r denotes the rank of the group O∗F of units and
d+ := ♯
{
p ∈ PF
∣∣∣ p | 3 and NK/F (γ(XH)) ∈ F ∗3p } ,
d− := ♯
{
p ∈ PF
∣∣∣ 3 ∤ vp and {p | 3 or ζ3 /∈ Fp}} ,
d∞ := ♯
{
p ∈ PF
∣∣∣ vp ≡ 2 (mod 3) and p | 3} .
Proof. This is a direct consequence from [9] combining with Cassels’s duality for-
mula. 
Remark 4.6. Assume 3 is unramified in F . Let p be a prime of F above 3. Then,
for an element d ∈ F ∗p , the condition d /∈ F ∗3p is equivalent to the condition either
3 ∤ νp(d) or 3 | νp(d), upi 6≡ k3pi (mod π2) for the constants upi, kpi ∈ O∗Fp which are
defined to be upi ≡ k3pi (mod π) with upi := π−νp(d)d where π stands for a prime
element in Fp. Further we assume 3 splits completely in F . Then upi is equivalent to
±1 modulo π and hence we can choose kpi = ±1 respectively.
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5. Unit groups, Class groups and Selmer groups
As for relations between class groups and Selmer groups, it has been investi-
gated by many authors. For example, L. C. Washington [14] discussed the connection
of Selmer groups to class groups of cyclic cubic fields over Q, N. Aoki [1] of cubic
extensions over arbitrary number field containing a primitive cube root of unity. E.
F. Schaefer [10] also investigated the case when those groups coincide for the minimal
field of definition of torsion points on abelian varieties. This section is intended to
study the family of elliptic curves {XH}H in such direction. However, in addition to
class groups, here we also take unit groups into account in view of the analogy between
Mordell-Weil groups and unit groups.
For any set S of finite primes of F , and any finite extension L over F , define
OL,S :=
{
α ∈ L ∣∣ νP(α) ≥ 0 for any P ∈ PL,S},
RL,S :=
{
α ∈ L∗/L∗3
∣∣∣ νP(α) ≡ 0 (mod 3) for any P ∈ PL,S} ,
ClL,S :=
{
non-zero fractional ideals of OL,S
}
/L∗OL,S .
Here PL,S stands for the set of all finite primes of L outside S. When S = ∅, we omit
the letter S as PL, OL, RL, ClL and so on. In this section, we show some connection
between the Selmer group S(
bφ)(X̂H/F ) and unit groups O
∗
L,S , class groups ClL,S in
the case L = F or K. To begin with, we quote [9], Proposition 4.5, which implies the
following.
Lemma 5.1. The following equivalences hold.
Im δ̂Fp →֒ O∗Fp/O∗3Fp ⇐⇒ p ∈ PF,S,
Im δ̂
Kp
Fp
→֒ O∗Kp/O∗3Kp ⇐⇒ p ∈ PF,S′,
where O∗Kp/O
∗3
Kp
=
∏
P|pO
∗
KP
/O∗3KP and S, S
′ are finite sets defined by
S :=
{
p ∈ PF
∣∣∣ 3νp(aδ(X)) < νp(NK/F (γ(XH)))
or νp
(
NK/F (γ(XH))
) 6≡ 0 (mod 3)
}
,
S′ :=
{
p ∈ S
∣∣∣ p splits completely in K} .
Proof. The first equivalence follows directly from [9], Proposition 4.5. As for the
second, for any p ∈ PF,S′ if p is inert or ramifies in K then Im δ̂KpFp →֒ O∗Kp/O∗3Kp
by using Proposition 6.3. If p splits completely in K then p ∈ PF,S, and hence the
statement follows from the first equivalence since Fp = KP as valuation fields for each
P | p. Conversely, for any p ∈ S′ the first equivalence implies Im δ̂KpFp 6 →֒ O∗Kp/O∗3Kp . 
By the above lemma, it turns out that each element in S(
bφ)(X̂H/F ) is of P-
adic valuation divided by 3 outside S′, namely S(
bφ)(X̂H/F ) relates to the 3-torsion
subgroup of the S′-ideal class group ClK,S′. We will also consider the relation to that
of the S-ideal class group ClF,S.
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We make notation as
NΦF,S :=
NK/F (K
∗) ∩O∗F,S
O∗3F,S
(⊂ O∗F,S/O∗3F,S),
NClF,S[3] :=
{
a ∈ ClF,S[3]
∣∣∣ a3 = dOF,S, d ∈ NK/F (K∗)} (⊂ ClF,S[3]),
NUK,S′ :=
{
ασ−1 ∈ O∗K,S′K∗3/K∗3
∣∣∣ α ∈ K∗, NK/F (α) = 1} (⊂ O∗K,S′/O∗3K,S′),
NClK,S′[3] :=
{
A ∈ ClK,S′[3]
∣∣∣ A3 = αOK,S′ , NK/F (α) = 1} (⊂ ClK,S′[3]).
As is indicated, these groups are finite and subject to certain norm condition. Note
that the Galois group G = Gal(K/F ) acts canonically on the quotient K∗/K∗3 and
the S′-ideal class group ClK,S′ by σ(α) = ασ , σ(A) = Aσ respectively. The purpose of
this section is to prove the following results.
Theorem 5.2. For any hyperplane H/F ∈ L(O) which is not tangent to X, let
S, S′ be the finite sets in Lemma 5.1. Then there is a finite bound
dimF3 S
(bφ)(X̂H/F ) ≤ dimF3 NΦF,S + dimF3 NClF,S[3]
≤ dimF3 NUK,S′ ⊕ µ3(F ) + dimF3 NClGK,S′[3]− dimF3
NK/F (KS′) ∩O
∗
F,S′
NK/F (O∗K,S′)
where KS′ :=
{
β ∈ K∗ | νP(βσ−1) ≡ 0 (mod 3) for any P ∈ PK,S′
}
.
Furthermore if ClK,S′ is G-invariant then XH(F )/φ̂
(
X̂H(F )
) →֒ NUK,S′ ⊕ µ3(F ).
Theorem 5.3. Let F be a number field of class number 1 in which 3 splits com-
pletely. For a cyclic cubic extension K/F , let {1, α, α2} be a F -basis of K that X
is defined by the polynomial (1.1) with. Here α ∈ K denotes a root of the generic
polynomial g(x; t) in §8 for some t ∈ F . Let H be the hyperplane z = 0. Assume
t ∈ OF , δ(g) /∈ F ∗3p for each p | 3. Then the set S in Lemma 5.1 consists of all the
finite primes of F which ramifies in K and
dimF3 S
(φ)(XH/F ) + rankZO
∗
F = dimF3 S
(bφ)(X̂H/F ) = dimF3 NΦF,S,
1 ≤ rankZXH(F ) ≤ 2 dimF3 NΦF,S − rankZO∗F − 1.
Combining Proposition 4.1 with Theorem 1.3 and 5.3 yields a certain description
for NCl
G
K [3].
Corollary 5.4. Under the first assumption in Theorem 1.3, there is the equality
3 · ♯NClGK [3] = 2 · ♯
{
L ∈ Gal(C3/Q)
∣∣∣ L/Q is unramified outside S0L·Qp ∈ Im δQp for any p ∈ S0}− 1
= ♯NΦQ,S
where S is the set of all the finite primes of F which ramifies in K and the other
notation is the same as in Proposition 4.1.
Example 5.5. Here we give an example for NCl
G
K [3] being non-trivial in the case
F = Q. Let t = −33. Then the conductor of the minimal splitting field of g(x; t) is
657 = 32 · 73, and the class number is 9 (see [6]). Since both 3, 73 lies in the image of
the norm map, Using Corollary 5.4 yields NCl
G
K [3] ≃ Z/3Z. This example also satisfy
δ(g) = 657 /∈ Q∗33 (cf. Theorem 1.3).
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The rest of this section is devoted to the proof of the above theorems. First of
all, in view of Lemma 4.3, 5.1, we shall introduce finite groups for the sets S, S′ in
Lemma 5.1 defined by
NRF,S :=
{
d ∈ RF,S
∣∣∣ d ∈ NK/F (K∗)} , NRK,S′ := {α ∈ RK,S′ ∣∣∣ NK/F (α) = 1} .
From Lemma 7.3, the G-invariant subgroup NR
G
K,S′ may be written by
NR
G
K,S′ =
{
d ∈ µ3(F )NK/F (K∗)K∗3/K∗3
∣∣∣ νP(d) ≡ 0 (mod 3) for any P ∈ PK,S′} .
When ζ3 ∈ F , the cyclic cubic extension K is generated over F by 3
√
D for some
D ∈ F ∗ \ F ∗3 from Kummer theory, which implies D = NK/F ( 3
√
D) and νP(D) ≡ 0
(mod 3) for any P ∈ PK since each prime p ∈ PF with 3 ∤ νp(D) ramifies in K.
Combining this with Lemma 7.1 yields
NR
G
K,S′ ⊕ (F ∗ ∩K∗3)/F ∗3
≃
{
d ∈ µ3(F )NK/F (K∗)/F ∗3
∣∣∣ νP(d) ≡ 0 (mod 3) for any P ∈ PK,S′}
≃
{
d ∈ NK/F (K∗)/F ∗3
∣∣∣ νP(d) ≡ 0 (mod 3) for any P ∈ PK,S′}⊕ µ3(F )
=
{
d ∈ NK/F (K∗)/F ∗3
∣∣∣ νp(d) ≡ 0 (mod 3) for any p ∈ PF,S∪R}⊕ µ3(F )
where µ3(F ) :=
µ3(F )NK/F (K
∗)
NK/F (K∗)
and R stands for the set of all the finite primes of F
which ramifies in K. We understand ⊕ as the direct sum of F3-vector spaces. The last
equality follows from the definition of S, S′. It thus turns out that NRF,S ⊕ µ3(F ) →֒
NR
G
K,S′ ⊕ (F ∗ ∩K∗3)/F ∗3. Then these groups contain the φ̂-Selmer group as follows.
Proposition 5.6. There are inclusions as F3-vector spaces:
S(
bφ)(X̂H/F )⊕ µ3(F ) →֒ NRF,S ⊕ µ3(F ) →֒ NRGK,S′ ⊕ (F ∗ ∩K∗3)/F ∗3.
Furthermore, if we assume the following conditions then all those groups coincide and
S = R, S′ = ∅. Let vp := νp
(
NK/F (γ(XH))
) ∈ Z for p ∈ PF .
⋄ 3 splits completely in F ,
⋄ The hyperplane is H : z = 0,
⋄ Each finite prime p ∈ PF satisfying 3 ∤ vp ramifies in K,
⋄ For each p | 3, if 3 | vp then p is unramified in K and NK/F
(
γ(XH)
)
/∈ F ∗3p .
Proof. Using Lemma 4.3 and 5.1 yields S(
bφ)(X̂H/F ) ⊂ NRF,S . Now we shall prove
the latter statement. Since H : z = 0, a direct calculation shows us NK/F
(
γ(XH)
)
=
−NK/F (α1−ασ1 ) where {1, α1, α2} denotes the F -basis ofK for X. It thus follows from
Lemma 7.5 that S = R, S′ = ∅ under the conditions, and in particular NRF,S⊕µ3(F ) ≃
NR
G
K,S′ ⊕ (F ∗ ∩K∗3)/F ∗3. Finally we show the inclusion S(
bφ)(X̂H/F ) ⊃ NRF,S. Let
d be arbitrary element in NRF,S. For any p ∈ PF , the following chart can be verified
from [9], Theorem 4.1.3 | vp →
{
p | 3 → See below · · · (∗).
p ∤ 3 → p ∈ PF,S and hence d ∈ Im δ̂Fp = O∗Fp/O∗3Fp .
3 ∤ vp → From Lemma 7.7, d ∈ Im δ̂Fp = NKP/Fp (K∗P)/F ∗3p .
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We consider the lack of the above chart indicated (∗). By using the equivalence and
the notation in Remark 4.6, the condition 3 | vp, NK/F
(
γ(XH)
)
/∈ F ∗3p can be read
into upi 6≡ k3pi (mod 9). Here we may choose 3 as a prime element π ∈ Fp. Let
D
′ := upi
(
upi+
upi−k3pi
3
)
. Since upi ≡ ±1 (mod 3) from the condition 3 splits completely
in F , it can be verified that upi 6≡ k3pi (mod 9) if and only if
(
D′
p
) 6= 1, which denotes
the Legendre symbol. From [9], Theorem 4.1, this implies d ∈ Im δ̂Fp . Consequently,
we have d ∈ S(bφ)(X̂H/F ). This completes the proof. 
Remark 5.7. We consider the assumption in the above proposition more explicitly.
Let α ∈ F be a root of the generic polynomial g(x; t) (see §8) with a fixed t ∈ F so
as to be K = F (α). We choose {1, α, α2} as the F -basis of K for X. For any
p ∈ PF with νp(t) < 0 we assume 3 | νp(t). Let H be the hyperplane z = 0. Then
±NK/F
(
γ(XH)
)
= δ(g) = t2 + 3t+ 9 satisfies the third condition by Proposition 8.1.
Under the assumption that 3 splits completely in F , we can describe the condition
3 | vp, δ(g) /∈ F ∗3p for p | 3 which is equivalent to upi 6≡ k3pi (mod 9) by using words of
t as follows.
(
By Proposition 8.1, the condition implies that p is unramified in K.
)

νp(t) < 0 → vp = 2νp(t)→ The condition is equal to 3−νp(t)t ≡ ±2, ±4 (mod 9).
νp(t) = 0 → vp = 0 → The condition is equal to t ≡ 1, 5, 7, 8 (mod 9).
t ≡ 0, 6 (mod 9)→ vp = 2 → This does not conform to 3 | vp, which is ignored.
t ≡ 3 (mod 9) → vp = 3 → The condition is equal to t ≡ 12 (mod 27).
This is often convenient for an explicit calculation.
The group RF,S relates to the 3-torsion subgroup of the S-ideal class group ClF,S
and the group of S-units O∗F,S. There is an exact sequence
0 −→ O∗F,SF ∗3/F ∗3 −→ RF,S −→ ClF,S[3] −→ 0
which is induced by the surjective homomorphism
RF,S −→ ClF,S[3]
d 7−→
∏
p∈PF,S
pνp(d)/3OF,S.
Since NRF,S is a subgroup of RF,S, one can obtain a restricted map from NRF,S to
ClF,S[3]. According to this, we would like to restrict the group ClF,S[3] so as to hold
the surjectivity of this map. This is the reason why we introduced the subgroup
NClF,S[3]. It is easily verified that the group NClF,S[3] is the exact image of NRF,S .
We thus obtain the exact sequence
0 −→ NΦF,S −→ NRF,S −→ NClF,S[3] −→ 0(5.1)
where NΦF,S =
{
d ∈ O∗F,SF ∗3/F ∗3
∣∣ d ∈ F ∗, d ∈ NK/F (K∗)} is the kernel of the map.
Similarly, the group RK,S′ also relates to the 3-torsion subgroup of the S
′-ideal
class group ClK,S′ and the group of S
′-units O∗K,S′. The restriction to the subgroup
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NRK,S′ of the surjective homomorphism as G-modules
RK,S′ −→ ClK,S′ [3]
α 7−→
∏
P∈PK,S′
PνP(α)/3OK,S′
induces the exact sequence
0 −→ Ψ −→ NRK,S′ −→ NClK,S′[3] −→ 0
with the kernel Ψ :=
{
α ∈ O∗K,S′K∗3/K∗3
∣∣ α ∈ K∗, NK/F (α) = 1}, which can be
rewritten as
Ψ =
{
ǫ ∈ O∗K,S′K∗3/K∗3
∣∣∣ ǫ ∈ O∗K,S′, NK/F (ǫ) ∈ NK/F (K∗3)} .
Taking Galois cohomology yields the long exact sequence
0 −→ ΨG −→ NRGK,S′ −→ NClGK,S′[3] −→ H1(K/F, Ψ) −→ H1(K/F, NRK,S′) −→ · · · .
We can describe the image of NCl
G
K,S′[3] in H
1(K/F, Ψ) as follows.
Proposition 5.8. The following sequence is exact.
0 −→ ΨG −→ NRGK,S′ −→ NClGK,S′[3] −→
NK/F (KS′) ∩O∗F,S′
NK/F (O
∗
K,S′)
−→ 0.
Here KS′ :=
{
β ∈ K∗ | νP(βσ−1) ≡ 0 (mod 3) for any P ∈ PK,S′
}
.
Proof. We have only to prove the following map is surjective with the kernel NK/F (O
∗
K,S′).
NK/F (KS′) ∩O∗F,S′ −→ Ker
[
H1(K/F, Ψ)→ H1(K/F, NRK,S′)
]
NK/F (β) 7−→ ξ
where ξ denotes a cocycle determined by letting ξσ := NK/F (β). First of all, we show
the map is well-defined. If so, this is a homomorphism by definition. Let NK/F (β)
be arbitrary element in NK/F (KS′) ∩O∗F,S′. Then NK/F (β) = (βσ−1)σ−1β3σ ∈ O∗F,S′
and NK/F
(
NK/F (β)
)
= NK/F (β
3) ∈ NK/F (K∗3), therefore NK/F (β) ∈ Ψ. Moreover,
βσ−1 ∈ NRK,S′ since β ∈ KS′ . These imply that ξ lies in the right-hand side.
[Kernel] Assume the image ξ of NK/F (β) ∈ NK/F (KS′) ∩ O∗F,S′ is trivial, namely
ξσ = NK/F (β) = ǫσ−1 for some ǫ ∈ Ψ where ǫ ∈ O∗K,S′. Then there is some ǫ0 ∈ O∗K,S′
so that NK/F (β) = ǫ
σ−1ǫ30 and hence NK/F (β) ∈ NK/F (O∗K,S′) by Lemma 7.2. Con-
versely, for any NK/F (ǫ) ∈ NK/F (O∗K,S′), we find that NK/F (ǫ) = (ǫσ−1)σ−1 corre-
sponds to a coboundary class in H1(K/F, Ψ). Thus the kernel is NK/F (O
∗
K,S′).
[Surjectivity] Let ξ be any element in the right-hand side. This can be written as
ξσ = ασ−1 ∈ Ψ with α ∈ NRK,S′, NK/F (α) = 1 by definition. From this, we observe
ǫ := ασ−1β3 ∈ O∗K,S′ for some β ∈ K∗, and ǫσ−1 = (α−σβσ−1)3 ∈ O∗3K,S′. These imply
NK/F (β)
3 = NK/F (ǫ) ∈ O∗F,S′ and β ∈ KS′ , namely NK/F (β) ∈ NK/F (KS′) ∩O∗F,S′ .
We claim that this NK/F (β) is mapped to ξ. Since ǫ = NK/F (β)(α
−σβσ−1)σ
2−1, it is
seen that NK/F (β) is equivalent to ασ−1 modulo Ψ
σ2−1, which implies the image of
NK/F (β) is ξ. This completes the proof. 
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Remark 5.9. Assume F = Q and each prime P of K lying above any p ∈ S′ is
principal. Since all the primes in S′ split completely in K, there is a prime element
Π ∈ O∗K,S′ such that p = NK/F (Π) ∈ O∗Q,S′ . We thus have O∗Q,S′ = Z∗ ⊕ 〈p | p ∈
S′〉 ⊂ NK/Q(O∗K,S′). In addition, ClK,S′ ≃ ClK/〈P〉P|p∈S′ ≃ ClK from the property
of S′-ideal class groups. Applying these to Proposition 5.8 yields the short exact
sequence
0 −→ ΨG −→ NRGK,S′ −→ NClGK [3] −→ 0.
Lemma 5.10. ΨG ≃ NUK,S′ ⊕ µ3(F ).
Proof. First, for any ασ−1 ∈ NUK,S′ it is seen that (ασ−1)σ−1 = NK/F (α)α−3σ ∈ K∗3
and µ3(F )K
∗3/K∗3 ⊂ ΨG. Thus the inclusion µ3(F )NUK,S′ ⊂ ΨG holds. Conversely,
for any α ∈ ΨG we may assume NK/F (α) = 1. Since α is G-invariant, there is some
β ∈ K∗ so that ασ−1 = β−3, hence NK/F (β) = 1 by using Lemma 7.2. From the
equality 1 = α1+σ+σ
2
= (ασβ1−σ)3, we have r := ασβ1−σ ∈ µ3(K) = µ3(F ) and
α = rβσ−1 ∈ µ3(F )NUK,S′, thus ΨG ⊂ µ3(F )NUK,S′. Therefore ΨG = µ3(F )NUK,S′.
If µ3(F ) ⊂ NK/F (K∗) then µ3(F ) ⊂ NUK,S′ from Lemma 7.2, and hence ΨG = NUK,S′.
Assume µ3(F ) 6⊂ NK/F (K∗), namely µ3(F ) = 〈ζ3〉 and µ3(F )∩NK/F (K∗) = {1}. We
claim that the F3-vector space µ3(F )NUK,S′ is isomorphic to NUK,S′ ⊕ µ3(F ), which
is given by the map rβσ−1 7→ (βσ−1, r) where r ∈ µ3(F ), βσ−1 ∈ NUK,S′. If the
map is well-defined then this is an injective homomorphism. The surjectivity is also
clear. For any representative r′β′σ−1 ∈ rβσ−1, since r′r−1(β′β−1)σ−1 ∈ K∗3 and
NK/F (β
′β−1) = 1, using Lemma 7.2 yields r′r−1 ∈ µ3(F ) ∩NK/F (K∗). Consequently
it must be r′ = r and (β′β−1)σ−1 ∈ K∗3. Therefore the map is well-defined. 
Roughly speaking, the following lemma implies that the half of the Mordell-Weil
group is bounded by a unit group.
Lemma 5.11. If ClK,S′ is G-invariant then XH(F )/φ̂
(
X̂H(F )
) →֒ NUK,S′ ⊕ (F ∗ ∩
K∗3)/F ∗3.
Proof. It follows from Lemma 7.1 that Im δ̂F →֒ Im δ̂KF ⊕ (F ∗ ∩K∗3)/F ∗3. Now we
shall prove the inclusion Im δ̂KF →֒ NUK,S′. From Proposition 6.3, the image of δ̂KF can
be written by (x+yα1+zα2)
σ
x+yα1+zα2
K∗3. Let α := x+ yα1+ zα2 for short. Then NK/F (α) = 1
by the defining equation of XH . We must show that α
σ−1K∗3 lies in O∗K,S′K
∗3/K∗3
under the assumption. For any P ∈ PK,S′, let p := P ∩ F . if p is inert or ramifies
in K then νP(α
σ−1) = 0. Assume p splits completely in K. The p-part of α may be
written as Pv0 Pv1σ Pv2σ
2
with integers v0, v1, v2 ∈ Z. Since p ∈ PF,S′ and the p-part
of ασ−1 is Pv2−v0 P(v0−v1)σ P(v1−v2)σ
2
, by using Lemma 5.1 there are some integers
r, r′ ∈ Z such that v0 − v1 = 3r, v1 − v2 = 3r′. It thus turns out that the p-part of
ασ−1 is equal to (Pσ−1)3r(Pσ
2−1)3r
′
. Using the assumption ClGK,S′ = ClK,S′, there is
some λp ∈ K∗ such that Pσ−1OK,S′ = λpOK,S′ , and hence the p-part is the principal
ideal
(
λ
r+r′(σ+1)
p
)3
OK,S′ . We can take such λp ∈ K∗ for each p ∈ PF,S′ so as to split
completely in K, and let β−1 be a product of all λ
r+r′(σ+1)
p which varies through those
p, namely β :=
∏(
λ
r+r′(σ+1)
p
)−1 ∈ K∗. Here the integers r, r′ are both 0 for almost all
primes in PF,S′. Then α
σ−1β3 ∈ O∗K,S′ by the definition. This yields the lemma. 
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We are now ready to prove the theorems.
Proof of Theorem 5.2. This is a direct consequence deduced from Proposition 5.6,
5.8 and Lemma 5.10, 5.11. 
Proof of Theorem 5.3. Since NK/F
(
γ(XH)
)
= −δ(X) = ±δ(g), under the assump-
tion, a finite prime p of F ramifies in K if and only if 3 ∤ νp
(
NK/F (γ(XH ))
)
by using
Corollary 8.2. From Proposition 5.6 and the sequence (5.1), we have S(
bφ)(X̂H/F ) =
NR
G
K = NRF,S = NΦF,S. Since ζ3 ∈ Fp for p which ramifies tamely in K, applying
Proposition 4.5 with the assumption δ(X) /∈ F ∗3p for p | 3 and Remark 7.8 yields
d+ = 0, d− − d∞ = 0 and hence the equality
dimF3 S
(φ)(XH/F ) + rankZO
∗
F = dimF3 S
(bφ)(X̂H/F ).(5.2)
The estimate 1 ≤ rankZXH(F ) ≤ 2 dimF3 NΦF,S − rankZO∗F − 1 now follows from the
formula (4.1) with Lemma 7.10. 
Proof of Theorem 1.3. The assumption is equivalent to that of Theorem 5.3 ap-
plied with F = Q. The first statement follows from Remark 5.9, Lemma 5.10, 7.9,
the equality (5.2) and the formula (4.1). Further assume ClK is G-invariant. Then
Lemma 5.10, 5.11, 7.10 imply XH(Q)/φ̂
(
X̂H(Q)
) ≃ NUK ≃ ΨG ≃ Z/3Z. Summarizing
them with Proposition 5.8 and Remark 5.9, we have the following equivalence of exact
sequences.
0 −−−−→ NUK −−−−→ NRGK −−−−→ NClGK [3] −−−−→ 0∥∥∥ ∥∥∥ ∥∥∥
0 −−−−→ XH(Q)/φ̂
(
X̂H(Q)
) −−−−→ S(bφ)(X̂H/Q) −−−−→ X(X̂H/Q)[φ̂] −−−−→ 0.
This completes the proof. 
6. Construction of the homomorphism δ̂K•F•
This section is a key part to carry out our preceding descent procedure. We
continue to use the previous notation. The idea is an interchange of the specified base
point O into another point on the elliptic curve XH . As a consequence, we obtain an
available description for the image of the map δ̂K•F• . We begin by taking such a point.
From the equation defining XH , there are K-rational points on XH ∩ {w = 0} which
consists of
O′ = [cα1 − bα2, aα2 − c, −aα1 + b, 0],
T ′ := [cασ1 − bασ2 , aασ2 − c, −aασ1 + b, 0]
(
= O′σ),
T ′σ= [cασ
2
1 − bασ
2
2 , aα
σ2
2 − c, −aασ
2
1 + b, 0]
(
= O′σ2).
We adopt the point O′ as a new base point on the elliptic curve XH over K, and
denote the new elliptic curve by X′H := (XH , O′). Note that all the points O′, T ′, T ′σ
lie on the same line H ∩ {w = 0} and hence T ′ +′ T ′σ = O′ where the symbol +′
stands for the group law of X′H . The point T
′ turns out to be a 3-torsion element in
the Mordell-Weil group X′H(K) as a consequence of the following lemma.
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Lemma 6.1. A rational function η ∈ K(XH)∗ defined by
η(x, y, z, w) =
x+ yασ1 + zα
σ
2
x+ yα1 + zα2
has the divisor 3(T ′)− 3(O′).
Proof. It is easy to check that x(P ) + y(P )α1 + z(P )α2 = 0 if and only if P = O′.
From this, the divisor of the rational function η has the form n(T ′)−n(O′) with some
positive integer n. In the next place, we calculate the order of η ∈ K(XH) at the point
O′. The regular local ring K[XH ]O′ at O′ is the localization of K[XH ] with respect to
the maximal ideal(
(aα2 − c)x− (cα1 − bα2)y, (−aα1 + b)y − (aα2 − c)z, (cα1 − bα2)z − (−aα1 + b)x, w
)
,
which turns out to be (x+ yα1+ zα2, w) = (w) by using the defining equation of XH .
Therefore the function w defines a uniformizer in K[XH ]O′ . This yields ordO′(η) = −3
by using the defining equation of XH once again. Therefore n must be equal to 3 and
we find T ′ is a 3-torsion point on X′H by the well-known Abel-Jacobi theorem. 
Let τ : XH → X′H be a translation map over K defined by P 7→ P + O′. Then
τ(T ) = T ′ and the composed maps φ ◦ τ−1 : X′H → X̂H , τ ◦ φ̂ : X̂H → X′H are
3-isogenies defined over K since these maps send a base point to a base point.
The Weil pairing plays an important role for constructing a homomorphism
from a Mordell-Weil group to a quotient multiplicative group of the ground field. The
constructed map is compatible with connecting homomorphisms of Galois cohomology
and can be always described by a rational function fP on XH if ever the support of the
divisor of fP is {P, O′} where P 6= O′ is some torsion point defined over the ground
field. As for details, we refer to [11]. We now apply these to our case.
By the notation K•/F•, we shall indicate the cyclic cubic extension K/F or an
extension KP/Fp of local fields. The Weil pairing leads to the composed injection
δ̂′ : X′H(K•)/τ ◦ φ̂
(
X̂H(K•)
) −→ H1(K•, X̂H [φ̂]) eτ◦bφ( · , T ′)−→ H1(K•, µ3) −→ K∗•/K∗3•
which maps an element P to fT ′(P )K
∗3
• for any P ∈ X′H(K•) \ {O′, T ′}. Here fT ′ is
a rational function on X′H satisfying
div(fT ′) = 3(T
′)− 3(O′), fT ′ ◦ τ ◦ φ̂ = g3T ′ for some gT ′ ∈ K(X̂H).
By the Abel-Jacobi theorem, such functions fT ′ ∈ K(X′H), gT ′ ∈ K(X̂H) always exist.
From Lemma 6.1, since div(η) = 3(T ′) − 3(O′), there is an element λ ∈ K∗ so
that fT ′ = λ · η. Thus the image of the composed map δ̂′ ◦ τ : XH(K•)/φ̂
(
X̂H(K•)
)→
K∗•/K
∗3
• is calculated as
δ̂′ ◦ τ(P ) = δ̂′ ◦ τ(P −O′)(δ̂′ ◦ τ(−O′))−1
= δ̂′(P )δ̂′(O)−1
=
(
λ · η(P ))(λ · η(O))−1K∗3•
= η(P )K∗3• for any P ∈ XH(K•) \ {O′, T ′}.
(6.1)
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It is easily seen that δ̂′ ◦ τ = δ̂K• by the equality eτ◦bφ(P, T ′) = ebφ(P, T ) for any
P ∈ X̂H [φ̂].
Though we does not need to clarify the constant λ ∈ K∗ so far, it will be required
to prove the proposition below. We next give the description for λ.
Lemma 6.2. λK∗3 = γ(XH )
γ(XH )σ
2K
∗3.
Proof. From the paper [9], §3, there is a homomorphism δ̂W : W(XH)(K) →
K∗/K∗3 which sends the point ϑ(T ) = (0, 0) to NK/F
(
γ(XH)
)−1
K∗3. Taking ac-
count of the Weil pairing with τ(T ) = T ′, ϑ(T ) = (0, 0) yields δ̂′ ◦ τ = δ̂W ◦ ϑ. On
the other hand, δ̂′ ◦ τ(T ) = δ̂′(T ′) = δ̂′(T ′σ)−1 = λ−1η(T ′σ)−1K∗3. Here we used the
relation T ′ +′ T ′σ = O′. Moreover it is directly verified that η(T ′σ) = − γ(XH )σ
γ(XH )σ
2 . We
thus have NK/F
(
γ(XH)
)−1
K∗3 = λ−1η(T ′σ)−1K∗3, namely λK∗3 = γ(XH )
γ(XH )σ
2K
∗3. 
Summarizing the above arguments yields the following proposition.
Proposition 6.3. The rational function η ∈ K(XH)∗ in Lemma 6.1 describes the
map
δ̂K•F• : XH(F•)/φ̂
(
X̂H(F•)
) −→ K∗•/K∗3•
[x, y, z, w] 7−→ x+ yα
σ
1 + zα
σ
2
x+ yα1 + zα2
K∗3• ,
O′ 7−→ γ(XH)
σ2
γ(XH)
K∗3• ,
T ′ 7−→ γ(XH)
γ(XH)σ
K∗3• .
This homomorphism is injective if ζ3 /∈ F• or F• = K•.
Proof. There is the commutative diagram
XH(F•)/φ̂
(
X̂H(F•)
) bδF•−−−−→ F ∗• /F ∗3•y y
XH(K•)/φ̂
(
X̂H(K•)
) bδK•−−−−→ K∗•/K∗3• .
Here δ̂F• , δ̂K• are injections and the vertical arrows are natural maps. For any P ∈
XH(F•) \ {O′, T ′}, we have δ̂K•F• (P ) = δ̂K•(P ) = δ̂′ ◦ τ(P ) = η(P )K∗3• by (6.1). If
P = O′ then we can calculate as δ̂K•F• (O′) =
(
δ̂′ ◦ τ(−O′))−1 = δ̂′(O)−1 = λ−1K∗3• =
γ(XH )
σ2
γ(XH )
K∗3• by Lemma 6.2. Similarly, we have δ̂
K•
F•
(T ′) = γ(XH )γ(XH )σK
∗3
• . The remaining
statement follows from Lemma 7.1. 
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7. Local calculations and some lemmas
In this section we assemble some lemmas frequently used in the preceding sec-
tions.
Lemma 7.1. We denote by K•/F• either K/F or KP/Fp for finite primes P/p.
The natural homomorphism F ∗• /F
∗3
• → K∗•/K∗3• induced by the inclusion F• ⊂ K• is
injective if and only if ζ3 /∈ F• or F• = K•. More precisely, for an extension K•/F•
the kernel of the natural homomorphism is
(F ∗ ∩K∗3)/F ∗3 =
{
〈DF ∗3〉 if ζ3 ∈ F,
{F ∗3} if ζ3 /∈ F,
(F ∗p ∩K∗3P )/F ∗3p =
{
〈DpF ∗3p 〉 if ζ3 ∈ Fp and p does not split completely in K,
{F ∗3p } otherwise,
where D• stands for some element in F
∗
• \F ∗3• satisfying K• = F•( 3
√
D•). Note that if
ζ3 ∈ Fp and Fp 6= KP then 〈DpF ∗3p 〉 = NKP/Fp (K∗P)/F ∗3p . Further if p ramifies tamely
in K then automatically ζ3 ∈ Fp and 〈DpF ∗3p 〉 = 〈πF ∗3p 〉 with some prime element
π ∈ Fp.
Proof. There is equivalent exact sequences
0 −−−−→ (F ∗• ∩K∗3• )/F ∗3• −−−−→ F ∗• /F ∗3• −−−−→ K∗•/K∗3•∥∥∥ ∥∥∥ ∥∥∥
0 −−−−→ H1(K•/F•, µGal(F•/K•)3 ) inf−−−−→ H1(F•, µ3) res−−−−→ H1(K•, µ3).
Since the degree [K• : F•] must divide 3, the condition ζ3 /∈ F• is equivalent to
ζ3 /∈ K•. Hence the cohomology group H1(K•/F•, µGal(F•/K•)3 ) vanishes when ζ3 /∈ F•
or p splits completely in K. Otherwise H1(K•/F•, µ
Gal(F•/K•)
3 ) is isomorphic to the
group Z/3Z. This proves the first assertion. The latter follows from theory of local
fields and Kummer. 
Lemma 7.2. Let K•/F• denote K/F or KP/Fp for finite primes P/p which does
not split completely. For an element d ∈ F ∗• , the following conditions are equivalent.
⋄ d = ασ−1β3 with some α, β ∈ K∗• satisfying NK•/F•(α) ∈ F ∗3• .
⋄ d = NK•/F•(β).
Proof. Assume the first condition and let NK•/F•(α) = d
3
0 for some d0 ∈ F ∗• where
Gal(K•/F•) ≃ 〈σ〉. Then 1 = (ασ−1)1−σβ3(1−σ) = r3. Here r := d−10 ασβ1−σ ∈
µ3(K•) = µ3(F•) since the extension degree [K• : F•] is equal to 3. We thus have 1 =
rσ
2−1 = α1−σβ−3NK•/F•(β), and hence d = NK•/F•(β). The converse is immediate
from d = NK•/F•(β) = (β
1−σ2)σ−1β3. 
Lemma 7.3.
(
(Ker NK/F )K
∗3/K∗3
)G
= µ3(F )NK/F (K
∗)K∗3/K∗3.
Proof. Since each element in the right-hand side has a representative of the form
d = rNK/F (β) ∈ F ∗ with r ∈ µ3(F ), β ∈ K∗, the element dβ−3 ∈ KerNK/F represents
an element in the left-hand side. Conversely, let α ∈ KerNK/F represent an element
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in the left-hand side. Then there is an element β ∈ K∗ such that ασ−1 = β3, which
implies NK/F (β) = 1 from Lemma 7.2. By using Hilbert’s “Satz 90”, the element
β is of the form β1−σ0 with some β0 ∈ K∗ and hence (αβ30 )σ = αβ30 ∈ F ∗. Letting
d := αβ30 ∈ F ∗, we have d3 = NK/F (β0)3. Therefore α = d lies in the right-hand
side. 
Lemma 7.4. For any finite prime p of F which ramifies tamely in K, The image
of the map δ̂
KP
Fp
is trivial. Especially Im δ̂Fp ⊂ 〈πF ∗3p 〉 for some prime element π ∈ Fp.
Proof. SinceKP/Fp is a proper extension, there is no Fp-rational point on XH∩{w =
0}. For any point P = [x, y, z, 1] ∈ XH(Fp) it is seen from the equation defining XH
that νP(x + yα1 + zα2) = νP(x + yα
σ
1 + zα
σ
2 ) = νP(x + yα
σ2
1 + zα
σ2
2 ) = 0, and
hence η(P ) ≡ 1 (mod P) where η has defined in Lemma 6.1. Therefore η(P ) lies in
K∗3P by Hensel’s Lemma, which implies the desired result from Proposition 6.3 and
Lemma 7.1. 
Lemma 7.5. For arbitrary α ∈ K \ F , if a finite prime p of F ramifies tamely in
K then 3 ∤ νp
(
NK/F (α− ασ)
)
.
Proof. Let X be a cubic surface defined by the polynomial (1.1) with the F -basis
{1, α, α2} of K. Consider the elliptic curve XH/F for the hyperplaneH : z = 0. Then
it is verified that NK/F
(
γ(XH)
)
= −δ(X) = −NK/F (α− ασ). If 3 | νp
(
NK/F (γ(XH ))
)
then Im δ̂Fp = O
∗
Fp
/O∗3Fp by using [9], Theorem 4.1, which is isomorphic to Z/3Z since
ζ3 ∈ Fp when p ramifies tamely. However this contradicts Lemma 7.4. Therefore we
have the desired result. 
Remark 7.6. The statement of Lemma 7.5 seems to separate from the arithmetic
of elliptic curves. Nevertheless it can be proven via certain elliptic curves.
Lemma 7.7. Let p be a finite prime of F which ramifies in K. Assume 3 ∤
νp
(
NK/F (γ(XH))
)
. If p ramifies wildly then we also assume 3 splits completely in
F . Then Im δ̂Fp = NKP/Fp (K
∗
P)/F
∗3
p .
Proof. Let P be a prime above p. First of all, it is a direct consequence from
Lemma 4.3 that Im δ̂Fp →֒ NKP/Fp (K∗P)/F ∗3p . It thus suffices to prove ♯Im δ̂Fp =[
NKP/Fp (K
∗
P) : F
∗3
p
]
. By using the equivalence Gal(KP/Fp) ≃ F ∗p/NKP/Fp (K∗P)
from local class field theory, it turns out that NKP/Fp (K
∗
P)/F
∗3
p ( F
∗
p/F
∗3
p whose
group index is equal to 3 because p ramifies in K. Under the assumption, since
[F ∗p : F
∗3
p ] = 9, it must be
[
NKP/Fp (K
∗
P) : F
∗3
p
]
= 3. Applying [9], Theorem 4.1 yields
the required result. 
Remark 7.8. Under the assumption of Lemma 7.7, if p ramifies wildly in K then
the case νp
(
NK/F (γ(XH ))
) ≡ 1 (mod 3) cannot occur because this implies Im δ̂Fp =
F ∗p/F
∗3
p by [9], Theorem 4.1, which is contradiction.
Lemma 7.9. Assume F = Q then NUK ≃ (O∗K/O∗3K )G ≃ Z/3Z.
Proof. First, the inclusion NUK →֒ (O∗KK∗3/K∗3)G = (O∗K/O∗3K )G follows from
(ασ−1)σ−1 = NK/Q(α)α
−3σ ∈ K∗3 for any ασ−1 ∈ NUK . Since K is a totally real cubic
field over Q, the unit group is of the form O∗K = 〈−1, ǫ1, ǫ2〉 with fundamental units
ǫ1, ǫ2, and thenO
∗
K/O
∗3
K ≃ (Z/3Z)⊕2. It suffices to prove that there is some ǫ ∈ O∗K so
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as to be ǫ /∈ (O∗K/O∗3K )G. If this is proven, then ǫσ−1 /∈ O∗3K , NK/Q(±ǫ) = 1 and hence
ǫσ−1 represents a non-trivial element in NUK because (ǫ
σ−1)σ−1 = NK/Q(ǫ)ǫ
−3σ ∈ O∗3K .
Thus the lemma follows. The units ǫσ1 , ǫ
σ
2 can be written by the form ±ǫr1ǫs2, ±ǫr
′
1 ǫ
s′
2
with integers r, s, r′, s′ ∈ Z, respectively. Then the equalities ǫσ31 = ǫ1, ǫσ
3
2 = ǫ2 cause
the following equations for r, s, r′, s′.
r(r2 + r′s) + sr′(r + s′) = 1, s(r2 + r′s) + ss′(r + s′) = 0,
rr′(r + s′) + r′(r′s+ s′2) = 0, sr′(r + s′) + s′(r′s+ s′2) = 1.
From this we obtain
(r, s, r′, s′) =

(r, − r2+r+1r′ , r′, −1− r) if ss′ 6= 0,
(−1, ±1, −s, 0) if s 6= 0 and s′ = 0,
(1, 0, 0, 1) if s = 0.
However the last case s = 0 is impossible since ǫ1, ǫ2 ∈ K \ F . Let ǫ := ǫ1 if 3 ∤ s,
while ǫ := ǫ2 if 3 | s. Then ǫ is the required element as follows. Assume 3 ∤ s then
ǫσ−11 /∈ O∗3K . When 3 | s and s 6= 0, it must be r ≡ 1 (mod 3) and hence 9 ∤ r2+ r+1.
This implies 3 ∤ r′ because s ∈ Z. We thus have ǫσ−12 /∈ O∗3K . 
Lemma 7.10. Let F be a number field of class number 1 in which 3 splits com-
pletely. For a cyclic cubic extension K/F , let {1, α, α2} be a F -basis of K that X
is defined by the polynomial (1.1) with. Here α ∈ K denotes a root of the generic
polynomial g(x; t) in §8 for some t ∈ F . Let H be the hyperplane z = 0. Assume
δ(g) /∈ F ∗3p for each p | 3. Then
Z/3Z →֒ XH(F )/φ̂
(
X̂H(F )
)
, (Z/3Z)⊕2 →֒ XH(F )/3XH (F ).
Especially rankZXH(F ) ≥ 1 from the formula (4.1).
Proof. By Remark 4.2, the group X̂H(F )/φ
(
XH(F )
)
contains Z/3Z as subgroup.
It suffices to show that XH(F )/φ̂
(
X̂H(F )
)
also contains Z/3Z. Then the statement
follows from the formula XH(F )/3XH (F ) ≃ XH(F )/φ̂
(
X̂H(F )
) ⊕ X̂H(F )/φ(XH(F ))
in §4. In the paper [9], §3, there is a homomorphism δ̂W : W(XH)(F ) → F ∗/F ∗3
which sends the 3-torsion point (0, 0) to NK/F
(
γ(XH)
)−1
F ∗3 = δ(g)−1F ∗3. We can
easily verify the relation δ̂F = δ̂W ◦ϑ by ϑ(T ) = (0, 0). Hence the subgroup generated
by δ̂F (T ) is equal to 〈δ(g)F ∗3〉. Since there is no proper unramified extension over F ,
δ(g) has at least one prime divisor p satisfying 3 ∤ νp
(
δ(g)
)
from Corollary 8.2. Thus
δ(g) is not a perfect cube in F . This implies T ∈ XH(F )/φ̂
(
X̂H(F )
)
is a non-trivial
element. Therefore the proof is now ended. 
8. A generic polynomial for cyclic cubic extensions
For an explicit or systematic calculation, the notion of generic polynomials are
often useful. Generic polynomial is a polynomial which parameterizes all Galois ex-
tensions with a Galois group isomorphic to some fixed finite group G. The existence
of generic polynomials for a given finite group G is unsolved problem. But it is known
in the case G is cyclic of order 3.
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A generic polynomial for the cyclic group C3 ≃ Z/3Z over a number field F used
in the paper is
g(x; t) := x3 + t x2 − (t+ 3)x+ 1 (t ∈ F )
whose discriminant is (t2 + 3t + 9)2. Let δ(g) := t2 + 3t + 9. If α is a root of g
then 11−α , 1 − 1α are all the other roots. When α does not lie in F , the extension
K := F (α)/F is always cyclic cubic. Then δ(g) is also written as
δ(g) = ±
∣∣∣∣∣∣
1 α α2
1 ασ α2σ
1 ασ
2
α2σ
2
∣∣∣∣∣∣ (= ±NK/F (α− ασ)).
Here Gal(K/F ) = 〈σ〉 ≃ C3 and the sign ± depends on the choice of a generator σ.
From the property, for arbitrary cyclic cubic extension K over F , there is some t ∈ F
so that the minimal splitting field of g(x; t) ∈ F [x] is exactly K.
As for the conductor of a cyclic cubic extension K/F , we have the following
proposition.
Proposition 8.1. Assume 3 splits completely in F . For any finite prime p of F ,
the p-conductor fp = p
np of the cubic extension K/F is given by the following chart.
νp
(
δ(g)
) ≤ 0→ np = 0,
νp
(
δ(g)
)
> 0→

3 ∤ νp
(
δ(g)
)→ np =
{
1 if p ∤ 3,
2 if p | 3,
3 | νp
(
δ(g)
)→

p ∤ 3→ np = 0,
p | 3→ np =
{
0 if δ(g) /∈ F ∗3p ,
2 if δ(g) ∈ F ∗3p .
Proof. The proof for the case νp
(
δ(g)
) ≥ 0, but except for the case 3 | νp(δ(g)) > 0
with p | 3, can be done essentially by the same way as Washington’s one in [14], which
is hence omitted. We assume −v := νp
(
δ(g)
)
< 0 and let π be a prime element in
Fp. Then the polynomial π
3vg(π−vx; t) has integral coefficients and the polynomial
modulo π has a simple root. Therefore the root lifts to some α ∈ OFp such that
π3vg(π−vα; t) = 0 by Hensel’s lemma. It thus turns out that all the roots of g(x; t)
are
{
π−vα, 11−pi−rα , 1 − 1pi−vα
} ⊂ Fp. This implies that p splits completely. Finally
in the case 3 | νp
(
δ(g)
)
> 0 with p | 3, we must show that p ramifies wildly if
and only if δ(g) ∈ F ∗3p . First, t must be of the form 9t′ + 3 with some t′ ∈ OFp
by 3 | νp
(
δ(g)
)
> 0. If δ(g) /∈ F ∗3p then t′ ≡ 1 (mod 3) and hence the polynomial
3−3g(3x− t3 ; t) has coefficients in OFp and discriminant not divisible by p. Therefore
p is unramified in K. If δ(g) ∈ F ∗3p then t′ 6≡ 1 (mod 3) and hence the polynomial
33x3
(2t+3)δ(g)g(
3
x − t3 ; t) turns out to be an Eisenstein polynomial for p. Thus p ramifies
in K. It is a fact that np ≤ 2 for any p when 3 is unramified in F . Therefore np is
equal to either 1 or 2 according to p ramifies tamely or wildly, respectively. 
The following is immediate from the above proposition.
Corollary 8.2. Assume 3 splits completely in F and δ(g) /∈ F ∗3p for each p | 3.
Then a finite prime p of F ramifies in K if and only if 3 ∤ νp
(
δ(g)
)
> 0.
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